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Abstract  

I analyze a problem of assigning heterogeneous agents (tenants) to 
heterogeneous principals (landlords), where partnerships are subject to 
moral hazard in effort choice. The agents differ in wealth endowment and 
the principals differ in land quality. When the liability of each agent is 
limited by his initial wealth, a share contract is typically incentive 
compatible. A pure rent contract, on the other hand, is optimal in the 
absence of incentive problems. In a Walrasian equilibrium of the economy, 
wealthier agents work in more productive lands following a positively 
assortative matching pattern since higher wealth has greater effect in high-
productivity lands. Agent's share of the match output is in general non-
monotone with respect to initial wealth. If wealth is more unequally 
distributed than land quality, then the equilibrium share (of the agents) is a 
monotonically increasing function of wealth. Under symmetric information, 
all agents earn the same expected wage, and hence no income inequality is 
observed in equilibrium. When incentive problems are important, wealthier 
agents earn higher wages, and the income inequality decreases if the 
agents are more heterogeneous than the principals. 

Resumen 

Se analiza un problema de asignación de agentes (arrendatarios) 
heterogéneos a los principales (terratenientes) heterogéneos, donde las 
sociedades están sujetas al riesgo moral en la elección de esfuerzo. Los 
agentes difieren en la dotación inicial de la riqueza y los principales difieren 
en la calidad del terreno. Cuando la responsabilidad de cada agente está 
limitada a su riqueza inicial, un contrato de reparto suele ser compatible a 
incentivos. Un contrato de arrendamiento puro, por el contrario, es óptimo 
en la ausencia de problemas de incentivos. En un equilibrio Walrasiano de la 
economía, agentes más ricos trabajan en terrenos más productivos 
siguiendo un emparejamiento creciente ya que una mayor riqueza tiene un 
efecto mayor en los terrenos de alta productividad. La participación del 
agente es, en general, no monótona con respecto a la riqueza inicial. Si la 
riqueza está más desigualmente distribuida que la calidad de los terrenos, 
entonces la participación en equilibrio (de los agentes) es una función 
monotónicamente creciente de la riqueza. Bajo información simétrica, todos 
los agentes ganan el mismo salario esperado y por lo tanto no hay 
desigualdad de ingresos que se observa en equilibrio. Cuando los problemas 
de incentivos son importantes, más ricos agentes ganan salarios más altos, 
y la desigualdad en el ingreso disminuye si los agentes son más 
heterogéneos que los principales. 
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1. Introduction

While a plethora of writings on the theory of sharecropping have stressed the role of the agent’s
wealth endowment in determining his output share in a tenancy relationship, the roles of land quality
and outside option have been paid little attention. It has been argued that share tenancy emerges as an
incentive device when the agent’s liability is limited by his initial wealth (e.g. Shetty, 1988; Laffont and
Matoussi, 1995; Ray and Singh, 2001), and wealth has a positive effect on the agent’s output share be-
cause higher wealth implies the possibility of greater rentextraction by the principal without weakening
incentives.1 Rao (1971) and Braido (2008), among few others, have emphasized the role of land quality
in share contracts.2 On the other hand, the role of agent’s outside option in determining his share is
also important. Banerjee, Gertler, and Ghatak (2002) argued that higher outside options following the
introduction ofOperation Barga, the land reform act of 1978 in the Indian state of West Bengal, had
significant favorable effects on the output share and productivity of the sharecroppers. In the present
paper I propose a unified framework that analyzes the joint effects of land and wealth heterogeneities on
the tenancy contracts through endogenous outside option.

Most of the theoretical works on share tenancy employ variants of the partial equilibrium agency
model (e.g. Grossman and Hart, 1983) where a principal (landlord) of given characteristics leases her
land to an agent (tenant) of given characteristics, and offers a tenancy contract that consists of a fixed
rent component and a given share of output. The optimal contract determines the incentive structure of
the final payoff to the agent. In such models, the level of earning of the agent is determined entirely
by his exogenously given outside option. Endogenous determination of the agent’s outside option thus
calls for a general equilibrium framework. The present paper starts with this motivation. It extends Sat-
tinger’s (1979) ‘differential rent’ model to a situation where agents are assigned to principals, and each
principal-agent relationship is subject to limited liability and moral hazard in effort choice. In particular,
I consider a model where principals are heterogeneous with respect to the quality or productivity of the
lands they own, and agents differ in wealth endowment. In an equilibrium, each principal of a given type
chooses optimally an agent by maximizing her residual profits, taking the expected wages as given. A
Walrasian equilibrium implies that each agent must receivean expected wage equal to his outside option,
defined as the maximum of the payoffs that could be obtained byswitching to alternative partnerships.
As wealthier agents and more productive principals have absolute advantages in any partnership, equilib-
rium wage and profit are increasing respectively in wealth and land quality. Optimal choice of agents by
the principals also implies that wealthier agents work in high-productivity lands following a positively as-
sortative matching pattern because higher wealth has greater (marginal) effect in more productive lands.
The equilibrium relationship between the output shares andinitial wealths of the agents determines the
equilibrium share function. The equilibrium output share of an agent depends on his initial wealth, on
the productivity of the land he cultivates through the equilibrium matching function, and on his outside
option via the equilibrium wage function. A principal can extract more surplus from a wealthy agent in
the form of fixed rent without affecting incentives, and hence higher wealth implies greater output share.

1Basu (1992), Sengupta (1997), and Ghatak and Pandey (2000) have been important contributions to the literature which
argue that share tenancy emerges due to limited liability even if the agent may have zero wealth. There is also a large literature
which claims that sharecropping emerges because of pure risk-sharing motives (e.g. Stiglitz, 1974; Newbery, 1977), oras an
incentive device under moral hazard (e.g. Eswaran and Kotwal, 1985).

2Rao (1971), using farm management data from India, shows that the quality of land has explained 90% variations in
contracts offered to the share croppers. Braido (2008) argues that typically lower quality lands are leased out to the share
tenants.

2



In a more productive land, less incentive is required in order to induce a given effort level, and hence
lower shares are associated with high-quality lands. Finally, higher outside option, which implies greater
incentives to shirk, implies higher output share. Because of these two opposing effects the output shares
of the agents are in general non-monotone with respect to initial wealth. It is shown that when wealth is
more heterogeneously distributed relative to land quality, the positive effects dampen the negative effect
of land quality on the output shares of the agents, and the equilibrium share thus increases with wealths.

As the levels of earnings of the agents are endogenously determined, the equilibrium of the model has
interesting implications for earnings inequality. First,a Walrasian equilibrium implies that the outside
option of each agent is determined endogenously, which in turn implies the endogenous determination of
the agents’ bargaining power. Second, I show that if the distribution of wealth is more disperse relative
to the distribution of land quality, then the equilibrium wage function is concave. A concave wage
function implies a lower income inequality since the wage differential decreases as the wealth levels
of the agents go up. A convex wage function, on the other hand,increases wage inequality. Finally,
similar to Sattinger’s (1979) assignment model, the present work also implies that the final distribution
of equilibrium wages is skewed to the right relative to the distribution of wealths. With heterogeneous
lands, agents with greater wealth are assigned to more productive lands which boosts their expected
incomes above what they would be earning if all lands were identical.

The present paper contributes to the recent literature on the problems of assigning agents to princi-
pals in environments characterized by informational asymmetries. In particular, in the context of share
tenancy, this paper is related to Ghatak and Karaivanov (2010) who analyze a model of partnership based
on double-sided moral hazard, and show that partnerships may not emerge in equilibrium if the individ-
uals differ in terms of degrees of absolute advantage in accomplishing specific tasks and the matching is
endogenous. They also found conditions under which a matching may be assortative or non-monotone.
One major contribution of their work is that sharecropping may emerge as a consequence of endogenous
matching between principals and agents. In an important contribution to this literature, Ackerberg and
Botticini (2002) have analyzed the landlord-tenant contracts in renaissance Tuscany, and showed that
contracts are influenced in a significant way by the endogenous nature matching between the landlords
and tenants. Chakraborty and Citanna (2005) show, in a modelof occupational choice, that less wealth-
constrained individuals choose to take up projects in whichincentive problems are more important due to
endogenous sorting effects. Unlike most of the recent contributions, e.g. the present model, Chakraborty
and Citanna’s (2005) paper is a model of one-sided matching.It is worth mentioning that, while the
current paper generalizes the popular assignment models (e.g. Sattinger, 1975, 1979) by considering sit-
uations in which matches are subject to moral hazard in a Walrasian equilibrium framework, most of
the aforementioned papers consider partnership formationas a cooperative matching game, and employ
stability as the solution concept. Serfes’s (2005) is an assignment model that analyzes the trade-off be-
tween risk-sharing and incentives, and shows a non-monotone relationship between risk and incentive.
Legros and Newman (2007) propose a sufficient condition, called thegeneralized difference condition,
under which stable allocations exhibit assortative matching when the two-sided matching induces a non-
transferable utility (a concave Pareto frontier) game. Similar conditions are obtained in Lemma 1(b).
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2. A model of principal-agent assignment

2.1. Description

Consider an economy with a continuum[0, 1] of heterogeneous risk-neutral principals and a con-
tinuum [0, 1] of heterogeneous risk-neutral agents. The positive real numbersλ ∈ Λ ≡ [λmin, λmax]
andω ∈ Ω ≡ [ωmin, ωmax] denote the ‘qualities’ of the principals and the agents, respectively. Quality
or type of an individual may be interpreted as productivity,efficiency, wealth, etc. which would influ-
ence final payoffs. For example, higher values ofλ could imply more productive (“better”) principals.
The distributions of qualities are exogenous to the model. LetG(λ) be the cumulative distribution of
λ, which denotes the fraction of principals with qualities lower thanλ, andg(λ) be the corresponding
density function. Similarly, letF (ω) be the cumulative distribution ofω with the corresponding density
f(ω). I denote byξ ≡ (F, G) the principal-agent economy.

Principals and agents are assigned to each other to form partnerships or matches. Each individ-
ual in a given match has to take a set of actions which are inputs to the final match output. Some of
these actions such as effort, investment decision may not bepublicly verifiable which induce incentive
problems in each partnership. This section extends the ‘differential rents’ model of Sattinger (1979) to
situations where matches are subject to incentive problems.3 Individuals of identical quality will be per-
fect substitutes, and hence only qualities and not the namesmatter. The principal-agent assignment can
be described by a one-to-one correspondencel : Ω −→ Λ or its inversew ≡ l−1. Therefore ifλ = l(ω),
or equivalentlyω = w(λ), then(λ, ω) denotes a typical match or partnership.

In a match(λ, ω), the principal and agent write a binding contractc(λ, ω) which specifies the way
the total match-surplus is to be divided between them. Let the surplus be given byφ(λ, ω, u(ω)) where
u(ω) is the expected wage of the agent.4 The expected profit of the principal is thus given by:

v(λ) = φ(λ, ω, u(ω)) − u(ω). (1)

I make the following assumptions onφ(λ, ω, u(ω)):

1. φ(λ, ω, u(ω)) is twice differentiable, whereφi denotes the partial derivative ofφ with respect to the
i-th argument, andφij denotes the cross partial derivative with respect to thei-th andj-th arguments;

2. φi > 0, for i = 1, 2, andφ3 ∈ [0, 1): the match-surplus is strictly increasing in the qualitiesof the
principal and the agent, and increasing in the agent’s wage;

3. φ22 ≤ 0 andφ33 ≤ 0: concavity of the surplus function with respect to the quality and wage of the
agent.

In a Walrasian equilibrium, each typeλ principal picks an agent with qualityω in order to maximize her

3Edmans, Gabaix, and Landier (2009), and Dam (2010) also build on the assignment model presented in Sattinger (1979)
to incorporate incentive problems.

4The match-surplus depends on the qualities of the principaland the agent, and on the agent’s wage.Sattinger’s (1979)
model is an assignment model with transferable utilities due to the absence of any incentive problems. It is well-known that,
in the presence of incentive problems in a principal-agent relationship, optimality of contracts is not defined by totalsurplus
maximization since how much surplus would be produced depends on how it is distributed within the match. Consequently,
incentive problems give rise to non-transferabilities which implies that the match-surplus also depends on the expected wage of
the agent. In an assignment model similar to Sattinger (1979), the surplus function will be given byφ(λ, ω).
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expected profit, i.e., each typeλ principal solves

v(λ) = max
ω′

{φ(λ, ω′, u(ω′)) − u(ω′)}, (P)

taking the wagesu(ω) as given. Therefore, an equilibrium consists of an assignment rule l orw, and the
vectors of profits(v(λ))λ∈Λ and wages(u(ω))ω∈Ω such that

(a) w(λ) = argmaxω{φ(λ, ω, u(ω)) − u(ω)} for eachλ: each principal chooses her partner optimally;
(b) If [λ1, λ2] = l([ω1, ω2]) for any subintervals[ω1, ω2] of Ω and [λ1, λ2] of Λ, then it must be the

case thatG(λ2) −G(λ1) = F (ω2) − F (ω1): market clearing.

The first condition implies that the principal-agent assignment is optimal. The second is a measure
consistency requirement which says that if an interval of agent-types[ω1, ω2] is mapped by the rulel
into an interval of principal-types[λ1,λ2], then these two sets cannot have different measures. This is
the standard market clearing condition for each type.

2.2. Equilibrium

The equilibrium wagesu(ω) and profitsv(λ) are determined by solving the maximization problem
(P) of each typeλ principal. While solving (P), a principal must guarantee the agent his outside option.
An agent’s outside option is the maximum payoff he can obtainby switching to other matches. In a
Walrasian equilibrium, the expected wage of a typeω agent must be equal to his outside option. A wage
offer less than the outside option will not be accepted. On the other hand, if the wage of an agent is
strictly higher than his outside option, then the principalcan lower her offer a bit and still the offer will
be accepted by the agent, thereby contradicting the notion of equilibrium. The first-order condition of
the maximization problem (P) is given by:

φ2(λ, ω, u(ω)) + [φ3(λ, ω, u(ω)) − 1]u′(ω) = 0,

i.e., u′(ω) =
φ2(λ, ω, u(ω))

1 − φ3(λ, ω, u(ω))
for λ = l(ω). (FOC)

It follows from the Envelope theorem that

v′(λ) = φ1(λ, ω, u(ω)) for λ = l(ω). (E)

Given the assumptions on the match-surplus function, the above two expressions are positive. In every
match, an agent’s wage and a principal’s profit are paid according to their contributions to the match-
surplus. For example, the marginal wage of a typeω agent is equal to his marginal contribution to the
total surplusφ(λ, ω, u(ω)). The equilibrium wagesu(ω) and profitsv(λ) are found by solving the
differential equations (FOC) and (E) for each match(λ, ω).

Suppose that the equilibrium assignment is given byλ = l(ω). The next step is to determine the sign
of l′(ω). The following definition introduces the notion of assortative or monotone matching.

Definition 1 If l′(ω) ≥ (≤) 0, then the assignment is said to be positively (negatively) assortative.

Whether the equilibrium matching is assortative is determined by the second-order conditions of the
maximization problem (P). In Appendix A it is shown that thissecond-order condition is satisfied if and
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only if
[φ21(l(ω), ω, u(ω)) + φ31(l(ω), ω, u(ω))u′(ω)]l′(ω) ≥ 0. (SOC)

It follows from the above inequality that ifφ21(λ, ω, u(ω)) andφ31(λ, ω, u(ω)) are both positive (neg-
ative), thenl′(ω) ≥ (≤) 0. The following lemma summarizes the above findings.

Lemma 1 Letλ = l(ω) be an equilibrium principal-agent assignment, andu(ω) andv(λ) be the asso-
ciated equilibrium wages and profits, respectively.

(a) The equilibrium wages and profits are increasing functions of the qualities of the agents and the
principals, respectively;

(b) If φ21(λ, ω, u(ω)) ≥ (≤) 0 andφ31(λ, ω, u(ω)) ≥ (≤) 0 for all (λ, ω, u(ω)), then the equilibrium
assignment is positively (negatively) assortative.

The proofs of the above assertions and those of the subsequent ones are relegated to the Appendix.
The above lemma extends the results of Sattinger (1979) to environments with non-transferable utility.
Similar results have also been proved by Legros and Newman (2007). High-quality individuals have
absolute advantages in any partnership becauseφ1 > 0 andφ2 > 0, i.e., the match surplus is increasing
in λ andω. Therefore, “better” individuals consume higher expectedpayoffs in an equilibrium, which is
the assertion of Part (a) of the above lemma. Also, two individuals of the same quality must obtain same
expected payoffs. Thus, the equilibrium satisfies ‘equal treatment of equals’ property. The equilibrium
wage and profit functions are similar to the ‘hedonic prices’in Rosen (1974). An important difference
between the aforementioned works and the present paper is that I introduce non-transferability in an
assignment model.

An assortative matching is a consequence of complementarity or substitutability between the principal-
and agent-qualities. Consider the case of a positively assortative assignment. Complementarity implies
that high-quality agents have comparative advantages overthe low-quality ones in matches involving
high-quality principals. This sort of comparative advantage determines that a better agents must be
assigned better principals. In the context of non-transferable utilities, the complementarity has two as-
pects. First,φ21 ≥ 0 implies that a high-quality principal and a high-quality agent together produce
higher aggregate surplus. This is the usual ‘type-type’ complementarity, which also determines positive
sorting in the standard assignment models (e.g. Rosen, 1974; Sattinger, 1979). Second,φ31 ≥ 0 implies
that it is (marginally) less costly for a high-type principal to transfer surplus to a high-type agent. This
‘type-payoff’ complementarity reinforces the reasons under which an equilibrium induces a positively
assortative matching.5

5Notice the difference between the above optimality conditions and those in an assignment model with transferable utilities.
In Sattinger’s (1979) differential rents model, the first-order condition associated with the principal’s optimal choice is given
by:

u′(ω) =
∂φ(λ, ω)

∂ω
.

And the second-order condition is given by:
∂2φ(λ, ω)

∂λ∂ω
l′(ω) ≥ 0.
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3. Application: tenancy contracts under limited liability

This section considers optimal share-tenancy contracts between risk-neutral principals (landlords)
and risk-neutral agents (tenants) in an attempt to identifya situation to which the results of Lemma 1
apply. Principals own a plot of land apiece which can be leased out to a sharecropper, the agent. Agents
are heterogeneous with respect to their initial wealthω ∈ Ω ⊂ R++, which is uniformly distributed.
Here initial wealth represents the type or quality of an agent. On the other hand,λ ∈ Λ ⊂ (0, 1)
represents the productivity of lands, which is also uniformly distributed. I assume thatλ2/8 ≤ ω for
all (λ, ω). I further assume that there is no alternative markets for land and labor services. Hence, an
unused plot of land generates zero profit to its owner, and an unemployed agent consumes his wealth
endowment. A land with qualityλ produces a stochastic output which is given by:

ỹ =

{

1 with probability λe,

0 with probability 1 − λe,

wheree ∈ [0, 1] is the non-verifiable effort exerted by an agent. The cost effort is an increasing and
convex functionψ(e). For simplicity, I assume thatψ(e) = e2/2.

A tenancy contract for an arbitrary match(λ, ω) is a vectorc(λ, ω) = (α(λ, ω), R(λ, ω)) whereα
is the agent’s share of output, andR is the fixed rental payment made to the principal. I restrict attention
to the class of contracts for whichR ≥ 0 andα ∈ [0, 1]. If α = 1 andR > 0, then the contract is apure
rent contract. A contract withα < 1 andR > 0, on the other hand, is referred to as ashare contract.6

Givenc(λ, ω), the expected payoffs of the principals and the agents are respectively given by:

V (c(λ, ω)) = λe(λ, ω)[1 − α(λ, ω)] +R(λ, ω), (2)

U(c(λ, ω)) = λe(λ, ω)α(λ, ω) −R(λ, ω) − [e(λ, ω)]2

2
. (3)

Within a principal-agent relationship(λ, ω), the principal therefore solves the following maximization
problem.

max
c(λ, ω)

λe(λ, ω)[1 − α(λ, ω)] +R(λ, ω) (M)

subject to λe(λ, ω)α(λ, ω) −R(λ, ω) − [e(λ, ω)]2

2
= u(ω), (PC)

e(λ, ω) = argmaxe

{

λeα(λ, ω) −R(λ, ω) − e2

2

}

, (IC)

R(λ, ω) ≤ ω. (LL)

The first constraint is the participation constraint of the agent. In the context of a Walrasian equilibrium,
this constraint requires a bit more attention. In a standardagency model (e.g. Ray and Singh, 2001), a
given principal-agent relationship is treated as an isolated entity, and the participation constraint of the

6I do not address the issue of existence of share contracts. See Sengupta (1997), and Ray and Singh (2001) for a discussion
on its existence, and why one can restrict attention to the values ofα in the interval[0, 1].
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agent is given by:

λe(λ, ω)α(λ, ω) −R(λ, ω) − [e(λ, ω)]2

2
≥ ū, (4)

whereū is the agent’soutside option, which is defined as the maximum of the expected wages that the
agent may earn by switching to alternative matches. Therefore, a contractc(λ, ω) must guarantee the
agent at least his outside option. Unlike the agency models that involve only one principal and one
agent, the outside option of an agent is no more exogenous since it depends on the contract offers by
the other principals. First notice that in a Walrasian equilibrium an agent’s expected wage must be equal
to his outside option, otherwise another agent of the same type may bid his wage down tōu. Second,
the participation constraint of the typeω must be binding. If it is not the case, then the principal can
lower the agent’s wage a bit, and the contract will still be accepted which contradicts the definition of
an equilibrium. Therefore, I replacēu by u(ω), and write the participation constraint with equality.
The second constraint is the incentive compatibility constraint, which says that the agent will choose
the effort level that maximizes his expected wage. The last one is the limited liability constraint which
guarantees non-negative final income to the agent even when the match output is zero. In a principal-
agent relationship, if the agent’s limited liability constraint does not bind at the optimum, provision of
incentives is not costly for the principal, and hence thefirst-besteffort level can be implemented. This
is equivalent to the situation where the principal could enforce any level of effort she liked. When the
limited liability constraint is binding, it is typically costly for the principal to provide incentives, and
only thesecond-besteffort can be implemented. Define by:

Γ := {(λ, ω) | λ2/8 ≤ ω + u(ω) ≤ λ2/2} ⊂ S = Λ × Ω.

It is easy to show that if(λ, ω) ∈ S \ Γ, then the limited liability constraint (LL) does not bind, and the
optimal contract and effort are at their first-best levels. On the other hand, if(λ, ω) ∈ Γ, then the limited
liability constraint binds, and only the second-best contract and effort are implemented. The optimal
output shareα∗(λ, ω, u(ω)) of the agent, rental paymentR∗(λ, ω, u(ω)), and efforte∗(λ, ω, u(ω)) are
described in Table 1.

Table 1: Optimal contract, effort and surplus of an arbitrary match(λ, ω)

First-best Second-best

Agent’s output share 1 (1/λ)
√

2(ω + u(ω))

Rental payment (λ2/2) − u(ω) ω

Effort λ
√

2(ω + u(ω))

The optimal contract terms and effort, in general, depend onthe productivity of the land, the wealth of the
agent and the agent’s wage. I omit the standard analysis of the optimal contract. Under the first-best, the
agent gets the entire share of output, and pays a fixed rent in both states of the nature for leasing out the
land. Therefore, the optimal tenancy contract is a pure rentcontract. The optimal effort is at its highest
level, and does not depend on the agent’s wealth and his wage.When the limited liability constraint
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binds, the second-best contracts are implemented, and the agent obtains an output share strictly lower
than 1 but higher than 1/2. It is increasing inω andu(ω), but decreases withλ. The optimal effort is
lower than its first-best level, which is increasing inω andu(ω), but constant with respect toλ.

Given the optimal contracts and effort, it is now easy to compute the match surplus, which equals the
expected match outputλe(λ, ω) minus the effort costψ(e(λ, ω)).

Lemma 2 Consider an arbitrary match(λ, ω).

(a) When(λ, ω) ∈ S \Γ, i.e., when the first-best contract and effort are implemented, the match surplus
is given by:

φ(λ, ω, u(ω)) =
λ2

2
,

with φ1(λ, ω, u(ω)) ∈ (0, 1) andφ2(λ, ω, u(ω)) = φ3(λ, ω, u(ω)) = 0;
(b) When(λ, ω) ∈ Γ, i.e., when the second-best contract and effort are implemented, the match surplus

is given by:
φ(λ, ω, u(ω)) = λ

√

2(ω + u(ω)) − ω − u(ω),

with φi(λ, ω, u(ω)) ∈ (0, 1) for i = 1, 2, 3.

In the first-best situation, when the agent gets the entire share of output, the match surplus takes its
maximum value. Under a share contract (second-best), matchsurplus is lower because there is loss of
efficiency due to informational asymmety.7

3.1. The equilibrium wages, profits and assignment

As the value of the match surplusφ(λ, ω, u(ω)) is known for each arbitrary match, the next step is
to determine the equilibrium wageu(ω) and profitv(λ) functions, which are the equilibrium relation-
ships between the expected payoffs of the individuals and their types. First, the marginal functions are
determined using equations (FOC) and (E). Hence one should check whether the conditions for Lemma
1(a) are satisfied in this context.

v′(λ) = φ1(λ, ω, u(ω)) ∈ (0, 1), (5)

u′(ω) =
φ2(λ, ω, u(ω))

1 − φ3(λ, ω, u(ω))
≥ 0. (6)

The following proposition describes the marginal profit andwage functions.

Proposition 1 The equilibrium profitv(λ) is an increasing function of land-productivity, and the equi-
librium wageu(ω) is an increasing function of the initial wealth.

When the first-best contracts are implemented in all matches, the match surplus is independent ofω as
the limited liability constraints do not bind, i.e., the initial wealth of each agent does not enter into the
contract offered to him. The fixed rental payment does not appear in the surplus because it is a transfer

7It can be shown that, forω + u(ω) < λ2/8, the agent’s limited liability constraint binds, but the participation constraint
does not. I ignore this situation as the optimal contracts must be parts of a Walrasian equilibrium.
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from the agent to the principal. Therefore, the surplus is also independent ofu(ω). As a consequence,
one hasφ2 = φ3 = 0. Sinceφ for each match depends only on the productivity of land, the marginal
surplus is higher for better principals, and hence they receive higher equilibrium profits. As all agents
receive the entire share of output and exert the first-best effort, their wages are the same irrespective
of the wealth levels. When the second-best contracts are implemented in all matches, it is the case
that φ1 > 0 andφ2 > 0, i.e., owners of more productive lands and wealthier agentshave absolute
advantages in producing surplus in any match. Hence, high-quality principals obtain greater equilibrium
profits, and wealthier agents consume higher wages in equilibrium. Therefore, the equilibrium wage
is a constant function under the first-best, whereas in the second-best situation, the equilibrium wage
is a stricly increasing function of wealth. Also notice thatunder second-best, for given wages and for
each typeλ principal, her expected profit,φ(λ, ω, u(ω)) − u(ω), is increasing in wealth. This is the
well-known tenancy ladderphenomenon, i.e., wealthier agents are always preferred tothe less wealthy
ones.

Prior to determining the equilibrium matching pattern, notice that an Walrasian equilibrium implies
full employment, i.e., no agent is unemployed and no land is left idle. To see this, suppose in an equilib-
rium there is one agent of a given typeω is unemployed. Then there must be one principal with her plot
of land uncultivated. Suppose that the idle plot is of a givenproductivityλ. In this situation the unem-
ployed agent consumesω and the principal consumes zero profit. Then the principal can offer a contract
to the agent, which consists ofα = 1/2 andR = 0. This contract satisfies the limited liability constraint
and generates a profit equal toλ2/4 > 0 to the principal, and a gross expected payoffλ2/8 + ω > ω to
the agent. This contradicts the definition of Walrasian equilibrium.

Lemma 1(b) provides sufficient conditions for assortative matching. In order to determine an equi-
librium assignment, it is thus sufficient to check the signs of φ21 andφ31 in the present context. From
Lemma 2(a), it is immediate to show thatφ21 = φ31 = 0 if the first-best contracts are implemented.
Under the second-best, on the other hand,

φ21(λ, ω, u(ω)) = φ31(λ, ω, u(ω)) =
1

√

2(ω + u(ω))
> 0. (7)

Therefore the equilibrium matching pattern follows from Lemma 1(b), which is described in the follow-
ing proposition.

Proposition 2 Letλ = l(ω) be an equilibrium assignment.

(a) If the first-best contracts are implemented in all matches, then any matching pattern is consistent
with an equilibrium;

(b) If the second-best contracts are implemented in every match, then the equilibrium assignment is
positively assortative, i.e., wealthier agents cultivatemore productive lands.

If φ21 = φ31 = 0, l′(ω) can have any sign so that the second-order condition (SOC) issatisfied, and
hence any matching pattern is consistent with an equilibrium. To see this, consider the aggregate surplus
of the economy, which is given by:

∫ λmax

λmin

∫ ωmax

ωmin

φ(λ, ω, u(ω))dλ dω =
1

2

∫ λmax

λmin

λ2 dλ.
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Since the above expression is independent ofω, the aggregate surplus is maximized for any matching
pattern. When the limited liability constraints bind in allmatches, the equilibrium contracts depend on
the wealth endowment. Asφ21 andφ31 are both strictly positive, higher wealth has greater impact on the
match-surplus when combined with more productive land. In other words, wealthier agents have compar-
ative advantages in matches consisting of more productive principal, and hence the unique equilibrium
matching is positively assortative.

If in a Walrasian equilibrium a given land-qualityλ is assigned to a given wealth levelω, then a
positively assortative matching implies

F (ω) − F (ωmin) = G(λ) −G(λmin),

or, l(ω) = λmin + (∆λ/∆ω)(ω − ωmin),

where∆λ ≡ λmax−λmin and∆ω ≡ ωmax−ωmin. Notice that the slopel′(ω) is an increasing function
of the relative dispersion∆λ/∆ω. If the lands are homogeneous, i.e.,∆λ = 0, then the matching
function is horizontal. On the other hand, homogeneity of the agents implies a vertical matching function.

As the equilibrium matching function is known, it is now possible to write down the expression for
marginal wageu′(ω). Using Lemma 2 in equation (6), it is easy to show that

u′(ω) =
1 − α∗(λ, ω, u(ω))

2α∗(λ, ω, u(ω)) − 1
(8)

In the first-best situationα∗ = 1, i.e., each tenant gets the entire share of the match-output, and hence
u′(ω) = 0. When the second-best contracts are implemented, substituting forα∗ from 3 andλ = l(ω) =
λmin + (∆λ/∆ω)(ω − ωmin) in the above expression, one gets the following marginal wage function.

u′(ω) =







0 if the first-best contracts are implemented,
λmin+(∆ λ/∆ ω)(ω−ωmin)−

√
2(ω+u(ω))

2
√

2(ω+u(ω))−λmin−(∆ λ/∆ ω)(ω−ωmin)
if the second-best contracts are implemented.

(9)

The levels of equilibrium wages are found by solving the differential equation (9). Notice that if the
first-best contracts are implemented in all matches, thenu(ω) is a constant function. In order to solve
the second equation in (9), first one needs to determined the associated constant of integration. In an
Walrasian equilibrium, the last agent employed must be an agent with the lowest wealthωmin, which
gives the boundary condition for solving (9). It is easy to check that the constant of integration must
be equal tou(ωmin). Since no principals other than the ones of typeλmin would hire the least wealthy
agents, they will be pushed to theirreservation wage, the minimum wage rate at which an agent is not
willing to work, which must be equal toωmin. Unfortunately, it is not possible to explicitly solve the
equilibrium wage function when the second-best contracts are implemented. In Subsection 3.3, I will
analyze more properties of the wage function.

3.2. Equilibrium contracts

The principal objective of this subsection is to analyze behavior of the equilibrium contracts and
effort with respect to initial wealth. In a partial equilibrium setup where a principal-agent pair is treated
in isolation, the contract for the pair in general depends onthree parameters: the productivity of the land,
the wealth of the agent and the outside option of the agent. For instance, the optimal output share of the

11



agent in an arbitrary pair is given byα∗(λ, ω, u(ω)). To analyze the behavior ofα in this context with
respect toω, one must determine the sign of∂α∗/∂ω. If (λ, ω) ∈ Γ, the optimal share (of the typeω
agent)α is an increasing function of the agent’s wealth, i.e., the partial derivative ofα with respect toω
is positive (e.g. Ray and Singh, 2001, Proposition 3). In this subsection I show that the monotonicity of
the agents’ output share with respect to initial wealth may not hold in a principal-agent market with two-
sided heterogeneity, and look for sufficient conditions under which the equilibrium share is increasing in
wealth.

Notice that in an equilibrium with the first-best contracts neither the optimal output shareα nor
the efforte depends on the initial wealth. I therefore focus only on the equilibrium with second-best
contracts. The initial wealthω, apart from directly influencing the incentive compatible contracts and
effort, affects the optimal values in two indirect ways: through the matching and the wage functions.
Thus in equilibrium, the contracts and effort are solely functions ofω, which are given by:

α(ω) = α∗(l(ω), ω, u(ω)) =
1

l(ω)

√

2(ω + u(ω)), (10)

R(ω) = R∗(l(ω), ω, u(ω)) = ω, (11)

e(ω) = e∗(l(ω), ω, u(ω)) =
√

2(ω + u(ω)). (12)

First notice from equations (11) and (12) that the equilibrium rent and effort are strictly increasing func-
tions ofω becauseR′(ω) = 1 and

e′(ω) =
∂e∗

∂λ
l′(ω) +

∂e∗

∂ω
+
∂e∗

∂u
u′(ω) =

1 + u′(ω)

e(ω)
> 0.

Now consider the equilibrium share functionα(ω). Differentiation of (10) with respect toω gives

α′(ω) =
∂α∗

∂λ
l′(ω) +

∂α∗

∂ω
+
∂α∗

∂u
u′(ω) =

α(ω)

l(ω)

[

1 + u′(ω)

l(ω)α2(ω)
− l′(ω)

]

. (13)

Therefore, the sign ofα′(ω) depends on that of(1 + u′(ω))/(l(ω)α2(ω)) − l′(ω), which is a condition
on the endogenous variables of the model. The equilibrium share functionα(ω) is, in general, non-
monotone. Under the second-best contracts, it is easy to show that

1 + u′(ω)

l(ω)α2(ω)
=

1

l(ω)α2(ω)

(

1 +
1 − α(ω)

2α(ω) − 1

)

=
1

l(ω)α(ω)[2α(ω) − 1]
≥ 1

since each term of the denominator is less than 1. Therefore,a sufficient condition forα(ω) to be
increasing inω is that l′(ω) = ∆λ/∆ω < 1, i.e., the matching function is sufficiently flat. Now, a
sufficiently flat matching function results in when∆λ < ∆ω, i.e., wealth is more unequally distributed
than land-productivity. The following proposition summarizes the above findings.

Proposition 3 Lete(ω),R(ω) andα(ω) be the equilibrium effort, rent and share functions, respectively.
Then in an Walrasian equilibrium,

(a) effort and rent are increasing functions ofω;
(b) the share function is in general non-monotone. If wealth is more unequally distributed than land-

productivity, then output share is an increasing function of ω.

12



As I have mentioned earlier, there are three effects that determine the behavior of incentives with respect
to wealth. The first one is thematching effect. In the current model, land-productivity works as a
substitute for incentive as the agent who cultivates a high-productivity land requires lower incentive.
Therefore,α tends to be lower in a match involving the owner of a high-quality land. The second effect
is thewealth effect. Since the fixed rent component is higher for higher wealth (becauseR(ω) = ω), a
wealthier agent is given a higher share of output in order to have the same level of incentive. Therefore,
agent’s output share and effort increase with initial wealth. The aforementioned effects are also present in
a partial equilibrium setup consisting of one principal andone agent. The third effect is theoutside option
effect, which emerges because of wage is determined endogenously in a general equilibrium model. A
higher outside option turn implies greater bargaining power for the agents. Since the agent has little
incentives to work hard, the principal has to offer higher share of the match output. Therefor higher
expected wage has favorable impact on effort and output share. As equilibrium effort and rent do not
depend on the land-productivity, they increase with wealth. Because of the aforementioned two opposing
effects, the share function may be non-monotone.8

The sufficient condition in Proposition 3(b) is not hard to understand. When the agents are more
heterogeneously distributed than the principals, the negative effect of land-quality on incentives is damp-
ened by the positive wealth and outside option effects. Therefore, higher output share for the agent is
associated with higher initial wealth. It is also easy to seethat if the distribution of wealth is too “tight”
relative to the distribution of quality of the land, then a less wealthy agent receives a greater output share
compared to the wealthier agents.

3.3. Wage inequality

In Subsection 3.1 it has been mentioned that it was not possible to have an explicit analytical solution
to the second differential equation in (9), i.e., it was not possible to determine the level of equilibrium
wage when the second-best contracts are implemented. Yet itis possible to analyze the shape of the
equilibrium wage function. In this subsection I relate the shape of the wage function to the nature of
wage/income inequality in equilibrium. To this end, the first task is to determine under what conditions
the equilibrium wage is either a concave or a convex functionof initial wealth. Therefore I will study
the sign ofu′′(ω), the second derivative of the wage function which is found bydifferentiating the wage
equation (9). When the first-best contracts are implemented, the wage function is flat sinceu′(ω) = 0.
From equation (8), it is easy to check that

sgn[u′′(ω)] = − sgn[α′(ω)]. (14)

Therefore following Proposition 3(b), it is possible to relate the shape of the wage function to the initial
distributions of types.

Proposition 4 Letu(ω) be the equilibrium wage function.

(a) If the first-best contracts are implemented in all matches, then the equilibrium wage is a constant
function of the initial wealth;

8Serfes (2005) also establishes a non-monotone share function. The main difference of the current model with that of Serfes
(2005) is that the latter assumes zero outside option for each agent, whereas outside option is endogenous in the presentpaper.
Besley and Ghatak (2005) identify the matching and outside option effects that determine contracts between principalsand
agents.
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(b) Suppose that the second-best contracts are implemented in all matches. If wealth is more unequally
distributed than land-productivity, then the equilibriumwage function is concave. On the other
hand, if the distribution of wealth is too tight relative to that of productivity of the lands, then the
wage function is convex.

A constant wage function implies that the wage differentialassociated with any two wealth levels is
zero for all levels of wealth. In other words, when the first-best contracts are implemented, there is no
wage inequality among the agents. The non-trivial case emerges when the second-best contracts are
implemented in all matches. In this case the wage function may be non-linear. The above proposition
provides sufficient conditions under which the equilibriumwage function is either concave or convex. A
concave wage function reduces wage inequality since the wage differentialu′(ω) goes down as the wealth
level increases. This situation occurs when the matching function is relatively flat, i.e., the principals are
relatively more homogeneous than the agents. A convex wage function, on the other hand, raises the
wages of the wealthier agents relative to the less-wealthy ones, and hence increases the wage inequality.

Proposition 4 relates the initial distributions of types tothe changes in wage inequality, but does not
provide any conclusions regarding the final distribution ofwage. A standard result in assignment models
(e.g. Sattinger, 1979; Kremer, 1993; Teulings, 1995) is that the distribution of wage is positively skewed
relative to the initial distribution of wealth. The same is true in the present context, which is implied by
the condition stated in Lemma 1(b).9

First, notice that the distribution of wage would have the same shape as the wealth distribution if all
agents have chosen to work in the lands with identical productivity. With both-sided heterogeneity, in an
equilibrium, wealthier agents are assigned to lands with greater productivity. Therefore, the distribution
of equilibrium wages will never resemble the distribution of wealth. Differentiation of (6) with respect
to λ gives

∂u′(ω)

∂λ
=

1

(1 − φ3)2
[(1 − φ3)φ21 + φ2φ31]. (15)

Hence,φ21 > 0 andφ31 > 0, the sufficient conditions for a positively assortative matching, also imply
that the above derivative is positive. This implies that a positive sorting enhances the wages of the agents
above what they would have earned by working for the principals of the same quality. Therefore, the
distribution of equilibrium wages will be positively skewed compared to the distribution of wealth.

4. Conclusions

Incentive contracts may be quite different in a market with many heterogenous principals and agents
as opposed to the contracts for an isolated principal-agentpartnership. In the equilibrium, individual
contracts are influenced by the two-sided heterogeneity viaprincipal-agent matching. In this paper, I have
developed a simple assignment model of incentive contracting between principals and agents. Agents
who differ in their wealth endowment are assigned to lands differing in productivity. In a Walrasian
equilibrium of the market, wealthier agents work in more productive lands since they have comparative
advantages in high-quality lands. Optimal tenancy contracts are share contracts when incentive problems

9The proof of this assertion is easily adapted from Sattinger(1975) and Teulings (1995), which is presented in Appendix
G.
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are important in all matches. It is shown that when wealth is more heterogeneously distributed relative to
land-productivity, higher output shares for the agents areassociated with higher initial wealths, although
share is in general non-monotone in wealth. It is also shown that if the distribution of wealth is relatively
more disperse than that of land-productivity, then the equilibrium wage function is concave in wealth
implying a reduction in income inequality. Moreover, because of positively assortative matching the
distribution of equilibrium wage is positively skewed relative to the distribution of initial wealth.

In the present model the first-best contracts may not be implemented due to informational asymme-
tries. In particular, the market failure stems from the factthat, in the presence of limited liability, less
wealthy agents cannot be expected to exert high effort, as they cannot be forced to share losses with the
principals in the event of failure. An important assumptionin the paper is the fact that the relationship
between a principal and an agent lasts only for one period. Possibly, such a relationship usually involves
dynamic considerations too, which in turn implies some degree of relaxation on the limited liability
constraint, and the conclusions of the current paper may alter. Aghion and Bolton (1997) consider a
model of income inequality and analyze the trickle down effects of wealth accumulation. They show
that high capital accumulation induces an invariant wealthdistribution, and redistribution of wealth from
rich to poor enhances the productive efficiency of the economy. Mookherjee and Ray (2002) analyze a
dynamic model of equilibrium short period credit contractsassuming that the bargaining power is ex-
ogenously distributed between the lenders (principals) and the borrowers (agents). When lenders have
all the bargaining power, less wealthy borrowers have no incentive to save and poverty traps emerge. On
the other hand, if the borrowers have all the bargaining power, income inequality reduces due to strong
incentives for savings. An important difference between the model of Mookherjee and Ray (2002) and
that of mine is that in the present model the bargaining powerof each agent is endogenously determined
via endogenous outside option. Land-quality, on the other hand, may also vary in a dynamic model due
to technological changes. Ray (2005) considers a dynamic landlord-tenant relationship where the tenant
has to make land-specific investments in order to maintain the land-quality, and shows that share tenancy
arises because of this sort of multi-task. Extension of the present model to a dynamic model of principal-
agent market, which incorporates the above-mentioned features, would be an interesting research agenda
for the future.

Appendix A. Proof of Lemma 1

The first part of the lemma immediately follows from the assumptions onφ(λ, ω, u(ω)). Given that
φ is twice-continuously differentiable, one hasφij = φji. The second-order condition is given by:

∂2φ

∂ω2
= [φ22 + φ32u

′(ω)] + [φ32 + φ33u
′(ω)]u′(ω) + (1 − φ3)u

′′(ω) ≤ 0,

=⇒ [φ22 + φ32u
′(ω)] + [φ32 + φ33u

′(ω)]u′(ω) ≤ (1 − φ3)u
′′(ω). (A.1)

Differentiating (FOC) with respect toω, one gets

u′′(ω) =
1

(1 − φ3)2

[

(1 − φ3)
∂φ2

∂ω
+ φ2

∂φ3

∂ω

]

=
1

1 − φ3

[

∂φ2

∂ω
+ u′(ω)

∂φ3

∂ω

]

.
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Now,

∂φ2

∂ω

∣

∣

∣

∣

λ=l(ω)

= φ21l
′(ω) + φ22 + φ32u

′(ω),

∂φ3

∂ω

∣

∣

∣

∣

λ=l(ω)

= φ31l
′(ω) + φ32 + φ33u

′(ω).

Therefore,(1 − φ3)u
′′(ω) evaluated atλ = l(ω) is given by:

(1 − φ3)u
′′(ω) = [φ21 + φ31u

′(ω)] + [φ22 + φ32u
′(ω)] + [φ32 + φ33u

′(ω)]u′(ω). (A.2)

Substituting for(1−φ3)u
′′(ω) from the above expression into (A.1), the second-order condition reduces

to:
[φ21 + φ31u

′(ω)]l′(ω) ≥ 0. (A.3)

From the above inequality, it follows thatl′(ω) ≥ (≤) 0 if and only ifφ21+φ31u
′(ω) ≥ (≤) 0. Therefore,

(SOC) is a necessary and sufficient condition for monotone matching. Clearly,φ21 ≥ (≤) 0 andφ31 ≥
(≤) 0 are sufficient conditions for monotone assignment. �

Appendix B. Proof of Lemma 2

For an arbitrary match(λ, ω), the surplus is given by:

φ(λ, ω, u(ω)) = λe∗(λ, ω, u(ω)) − [e∗(λ, ω, u(ω))]2

2
.

Substituting for the values ofe∗(λ, ω, u(ω)), both under the first- and second-best, from Table 1 one
gets

φ(λ, ω, u(ω)) =

{

λ2

2 if the first-best contracts are implemented,

λ
√

2(ω + u(ω)) − ω − u(ω) if the second-best contracts are implemented.

Differentiating the first equation with respect toλ, ω andu(ω), one gets

φ1(λ, ω, u(ω)) = λ ∈ (0, 1),

φ2(λ, ω, u(ω)) = 0,

φ3(λ, ω, u(ω)) = 0.

Differentiating the second equation with respect toλ, ω andu(ω), one gets

φ1(λ, ω, u(ω)) =
√

2(ω + u(ω)) = e∗(λ, ω, u(ω)) ∈ (0, 1),

φ2(λ, ω, u(ω)) =
λ

√

2(ω + u(ω))
− 1 =

1

α∗(λ, ω, u(ω))
− 1 ∈ (0, 1),

φ3(λ, ω, u(ω)) =
λ

√

2(ω + u(ω))
− 1 =

1

α∗(λ, ω, u(ω))
− 1 ∈ (0, 1).
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The last two expressions lie in(0, 1) becauseα∗(λ, ω, u(ω)) > 1/2. �

Appendix C. Proof of Proposition 1

Lemma 2 describes the match-surplus functionφ(λ, ω, u(ω)) for an arbitrary match(λ, ω). When
the first-best contracts are implemented, one hasφ1(λ, ω, u(ω)) = λ ∈ (0, 1), φ2(λ, ω, u(ω)) = 0
andφ3(λ, ω, u(ω)) = 0. Therefore,v′(λ) = λ ∈ (0, 1) andu′(ω) = 0. Now consider the second-best
contracts. From Lemma 2, one gets

φ2(λ, ω, u(ω))

1 − φ3(λ, ω, u(ω))
=

λ−
√

2(ω + u(ω))

2
√

2(ω + u(ω)) − λ
=

1 − α∗

2α∗ − 1
> 0

sinceα∗ ∈ (1/2, 1). Therefore,v′(λ) ∈ (0, 1) andu′(ω) > 0. �

Appendix D. Proof of Proposition 2

To determine the equilibrium matching pattern one only needs to check the signs ofφ21 andφ31, and
then apply Lemma 1(b). When the first-best contracts are implemented, from the proof of the previous
lemma, one hasφ2 = φ3 = 0. Therefore,φ21 = φ31 = 0. Hence,l′(ω) may have any sign in order to
satisfy the condition stated in Lemma 1(b). Now consider thesecond-best contracts. From the proof of
Proposition 1 it follows that

φ21(λ, ω, u(ω)) = φ31(λ, ω, u(ω)) =
1

√

2(ω + u(ω))
> 0.

Therefore,l′(ω) must be positive in order that the second-order condition (SOC) is satisfied. �

Appendix E. Proof of Proposition 3

Here I consider only the second-best contracts. From Table 1it follows that

∂e∗

∂λ
= 0,

∂e∗

∂ω
=

∂e∗

∂u(ω)
=

1
√

2(ω + u(ω))
> 0.

Therefore,

e′(ω) =
1 + u′(ω)

√

2(ω + u(ω))
> 0.

Given thatR(ω) = ω,R′(ω) = 1 > 0. From the expression ofα∗ in Table 1, one has

∂α∗

∂λ
= −

√

2(ω + u(ω))

l2(ω)
< 0,

∂α∗

∂ω
=

∂α∗

∂u(ω)
=

1

l(ω)
√

2(ω + u(ω))
> 0.

Therefore,

α′(ω) =
α(ω)

l(ω)

[

1 + u′(ω)

l(ω)α2(ω)
− l′(ω)

]

.
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Notice that equation (8) implies that

1 + u′(ω)

l(ω)α2(ω)
=

1

l(ω)α(ω)[2α(ω) − 1]
≥ 1.

Therefore,

sgn[α′(ω)] = sgn

[

1

l(ω)α(ω)[2α(ω) − 1]
− ∆λ

∆ω

]

,

and the proof follows. �

Appendix F. Proof of Proposition 4

When the first-best contracts are implemented, the differential equation for wage is given byu′(ω) =
0 which implies thatu(ω) is a constant function. Under the second-best contracts,

u′(ω) =
1 − α(ω)

2α(ω) − 1
.

The above equation implies that

u′′(ω) = − α(ω)

[2α(ω) − 1]2
⇐⇒ sgn[u′′(ω)] = − sgn[α′(ω)],

and hence the result follows. �

Appendix G. Skewness of the income distribution

Consider two arbitrary levels of wealthω1 andω2 with ω2 > ω1, and suppose that, in a Walrasian
equilibrium, both types choose to work in the same qualityλ̄ of lands. Since these assignments are
optimal one must have

u(ω2) − u(ω1) = φ(λ̄, ω2, u(ω2)) − φ(λ̄, ω1, u(ω1)). (G.1)

Following Sattinger (1975), it is easy to show that ifφ21 = φ31 = 0, e.g. under first-best contracts, then
the distribution of wage and wealth will have the same shape.10 Take an arbitrary wealth level̄ω and let
λ̄ = l(ω̄) be the corresponding land quality. Consider a distributionof wage defined byu∗(ω̄) = u(ω̄)
and

u∗(ω) − u∗(ω̄) = φ(λ̄, ω, u∗(ω)) − φ(λ̄, ω̄, u∗(ω̄)).

10Notice thatφ21 = φ31 = 0 implies

∂u′(ω)

∂λ
=

∂

∂λ

»

φ2(λ, ω, u(ω))

1 − φ3(λ, ω, u(ω))

–

= 0,

i.e.,u′(ω) is independent ofλ, which is the case under the first-best. Now notice that equation (FOC) implies

dφ(λ̄, ω, u(ω))

dω
= φ2(λ̄, ω, u(ω)) + φ3(λ̄, ω, u(ω))u′(ω) =

φ2(λ̄, ω, u(ω))

1 − φ3(λ̄, ω, u(ω))
.
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So the distributions ofu∗(ω) andω have the same shape, and both the wage functionsu(ω) andu∗(ω)
yield the same wage at̄ω. Take an wealth levelω2 > ω̄. Positive assortment impliesλ(ω2) > λ̄. Then

u(ω2) − u(ω̄) =

∫ ω2

ω̄

φ2(λ, ω, u(ω))

1 − φ3(λ, ω, u(ω))

∣

∣

∣

∣

λ=l(ω)

dω

>

∫ ω2

ω̄

φ2(λ̄, ω, u(ω))

1 − φ3(λ̄, ω, u(ω))
dω

= φ(λ̄, ω2, u(ω2)) − φ(λ̄, ω̄, u(ω̄))

The above together withu(ω̄) = u∗(ω̄) imply that

u(ω2) > u∗(ω2) + [φ(λ̄, ω2, u(ω2)) − φ(λ̄, ω2, u
∗(ω2))]

= u∗(ω2) + φ3(λ̄, ω, u(ω))[u(ω2) − u∗(ω2)]

⇐⇒ [1 − φ3(λ̄, ω, u(ω))][u(ω2) − u∗(ω2)] > 0

⇐⇒ u(ω2) > u∗(ω2).

Similarly, for a wealth levelω1 < ω̄ it is easy to show thatu(ω1) > u∗(ω1). In a Walrasian equilibrium,
low-wealth and high-wealth agents choose to work in lands with low- and high-productivity, respectively
instead of lands of intermediate-quality (equal toλ̄) because their wages are higher with the principals
they are matched with. This means that the density ofu(ω) can be obtained fromu∗(ω) by shifting a
positive mass from the left tail to the right, i.e., the distribution of u(ω) is positively skewed relative to
the distribution ofu(ω). �
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